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Abstract—An analytical investigation is made of the heat and momentum transfer of a binary mixture of
gases flowing in a parallel plate channel where mass injection occurs at one wall, The walls are at different
temperatures and applications to freeze-drying are presented. Integral continuity, momentum, and energy
equations are used to establish the velocity, pressure, and temperature distributions. The flow is assumed
to be steady, laminar, and incompressible. Closed form solutions are obtained for the velocity and tem-
perature distributions.

Applications of the solution to freeze-drying show that under typical conditions 5-40 per cent of the
energy transfer to the product surface occurs by convection. Thermal radiation provides the mechanism
for the rest of the heat transfer.
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NOMENCLATURE
coefficients in velocity distribu-
tion;
coefficients in temperature dis-
tribution;
constant pressure specific heat;
channel width;
heat of sublimation;
integrated function;
thermal conductivity of water-
vapor;
thermal conductivity of dried
region;
channel half length;
mass flow rate;
pressure;
convection heat flux;
radiant heat flux;
conduction heat flux;
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X
Vs

Greek symbols
o,
B,
B1s

?s

wall or injection Reynolds num-
ber, (voH/v);

Reynolds number times Prandtl
number, (v, H/a);

temperature;

velocity in the x-direction;
velocity in the y-direction;
distance coordinate;
dimensionless integration vari-
able;

dried layer thickness;

distance coordinate.

thermal diffusivity;

pressure derivative, 0P/dx;

pressure parameter,
(H*B/pvvox);

parameter in energy solution;
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0, porosity;

& thermal emissivity;

0. dimensionless temperature
ratio;

v, kinematic viscosity;

£, dimensionless space coordinate,
y/H;

0 density;

o, Stefan—Boltzmann constant;

T, time.

Subscripts

d, interface position;

A frozen region;

LH, position on solid wall at x =
+Landy=H;

m, mean value;

n, integer;

0, surface of porous wall;

1, solid wall position;

2, channel exit;

3, channel exit;

e. channel exit.

INTRODUCTION

A NUMBER of investigations have been reported
for the transport processes involved in porous
channels. One of the earliest studies. by Berman
[1], was an analytical investigation of flow in a
fully porous channel. Donoughe [2], Terrill [3]
and Terrill and Shrestha [4], studied a channel
with one porous wall, the semi-porous channel.
Studies for other geometries have been re-
ported in [5-8].

One very important application of heat and
mass transfer problems in semi-porous channels
occurs in the freeze-drying of foods. In this
process frozen food is placed on large traysina
vacuum chamber and heated from above as
shown in Fig. 1. The region between the product
surface and the heater is the semi-porous
channel. For industrial applications, the space
between the heater and the product surface is
0-25-1-0 in. This space is needed for handling
purposes and to provide space for the vapor to
flow to the condenser as shown in Fig. 2. The
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F1G. 1. Semi-porous channel.

vapor is transported by convection and dif-
fusion. Heat transfer to the product surface
occurs by convection and radiation. Efforts at
improving the rate of heat transfer to the product
have been presented in [9-13].

The current study is made for the purpose of
obtaining a better understanding of the trans-
port processes and predicting the rate of heat
transfer from the heated surface to the surface
of the porous wall. The physical model involves
a channel of length 2L, width H and infinite
depth. The porous wall represents the food
surface. Integral equations are used to deter-
mine the pressure, velocity and temperature
distributions in the channel. Due to the low
density of the water, the Reynolds number is
small; therefore, the flow is assumed to be
laminar. Since freeze-drying is a very slow
process, quasi-steady solutions of the transport
equations are employed in this paper.
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F1G. 2. Typical freeze-drying apparatus.
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ANALYTICAL INVESTIGATION

Velocity distribution

The momentum equation is solved assuming
that the flow is in the continuous regime, there
is no flow at x = 0 in the x-direction (see Fig. 1),
and due to symmetry dP/0x = 0 at x = 0. One
dimensional solutions for the heat and mass
transfer in a porous region have been determined
by Dyer et al. [14] and Hill et al. [15]. So that
these solutions can be used with the current
investigation, it is necessary that the injection
velocity at y =0 be constant with respect
to the x-direction. At y = H the wall is imperme-
able.

The integral form of the momentum equation
in the x-direction given by Massey [17] is

1 1
Oou 10P o*u
ZJu&df = ‘-;’é’; +VJ‘E'2'(1§
0 ¢

_ Y ou
 HPGC

v du
-+ Fa*é
The velocity distribution in the x-direction is
approximated by
ulx, &) = alx) + b(x) HE + c(x) H2E?
+dx)HE (2

where the coefficients a, b, ¢ and d are deter-
mined from the following conditions:

)

0

wx,0)=0 at &=0 3
vou _ 10P v Pu _
HE~ pox TmaE M ¢=0 ©
u(x,1)=0 at & =1 (5
and the continuity equation
a 1
vo=H B;fu(x, §)dé. (6)
0

Equation (4) is determined by applying the
differential form of the momentum equation at
the porous surface and represents a restriction
placed on the velocity profile. Solving equations
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(2)(6), the velocity distribution can be expressed

_vox (24 — B, 12R + 3B,
ux,&) = 4 {( R+6)5+(W)52

—12R — 24 — 28,
+ ( R+6 )53}. @

Substituting equation (7) into equation (1)
yields an ordinary differential equation with
variable coefficients which can be solved using
an infinite series solution. The result for B, is

1 9, 18
R R
51=— 1
105
214 39 18\
BT TR
1
105
48 . 738 4056 216\)*
—R? 4 S b
R+ R+55+ 3
3 1 ®
210

where the last term is positive for injection and
negative for suction.

The velocity distribution given by equations
(7) and (8) gives results within 01 per cent of
more accurate solutions obtained by the nu-
merical techniques of Donoughe [2] provided
R £ 3. For freeze-drying applications, this
condition is easily satisfied.

Temperature distribution
To determine the temperature distribution,
the integral form of the energy equation is

used:
1

ouT) o _ 0Ty _ 3T
ox H — H? 8¢,
[
o T
e ©)
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The temperature distribution is approximated
by
T(x,%) = a,(x) + by,(x) HE

+ ¢, (x) H3E? + d (x) H3¢3.  (10)

The following conditions may be applied to the
temperature distribution:

T(x,0)=T, at =0 (11)
T(L,1) = T,y (12)
oT eT
g%=%&7mf=0 (13)
T

Equation (11) results from the assumption
that the porous surface of the channel is iso-
thermal. Equations (13) and (14) are obtained
by applying the differential forms of the energy
equation at the two surfaces of the channel
and represent restrictions placed on the tem-
perature profile.

By substituting the velocity distribution given
by equations (7) and (8) into equation (9), then
using (9), (11), (13) and (14) the coefficients for
the temperature distribution in equation (10)
can be determined. Equation (12) specifies a
point temperature on the solid surface and is
used to evaluate an integration constant which
arises as a result of using equation (9). Thus

T8 - T X\~
22T 0 f(x, 8) = (—)
L

Tu—To
3 3RPr
XQ+Rmé+6+mmé
RPr 3
_6+mmﬁ) {13
where
y=1-
(18 + 3R)
9 18R B,  162RPr RPrf, 32R*Pry
575 7100 35 28 35

(16)
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Since y > 0, the temperature calculated from
equation (15) becomes infinitely large at x = 0.
This behavior results from neglecting conduc-
tion in the x-direction in equation (9). The
temperature distribution of the solid surface
required to maintain a uniform porous surface
temperature can then be calculated. It would
be necessary to use an arrangement of surface
heaters to obtain experimentally this tempera-
ture distribution. However, at the low flow rates
encountered in freeze-drying, a uniform surface
heater temperature would be sufficient to
maintain a nearly uniform porous surface
temperature.

Porous surface energy balance

For applications such as those encountered
in freeze-drying, the temperature of the two
walls are not independently controlled. If one
temperature is given, the other can be deter-
mined by making an energy balance at the
surface of the porous wall. Thus

9, + 4. = q, (17)

where the first, second and third term represent
the net radiant heat transfer to the porous
surface, the heat transfer by convection and/or
conduction between the heater and the surface,
and the heat conduction into the porous wall,
respectively. For freeze-drying applications, g,
will equal the energy absorbed by the vapors
moving through the dried region plus the
energy of sublimation. Transient temperature
changes in the dried region yield negligible
changes in the energy balance owing to the low
densities and high heats of sublimation involved.
These assumptions have been used success-
fully in [14] and [15].

From the temperature distribution of equa-
tion (15), the heat transfer between the porous
wall and the fluid layer can be calculated. The
mean temperature of the heater may be calcu-
lated from .

T = —
™ 2L

- L

T(x,1)dx. (18)
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Combining equations (15) and (18). gives

 MTw-T)o0|  —kT— T)(1—7)
e = H 0, H

3 x\7?
X (3 + RPr) (Z) - (19
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surface is assumed to be gray. Also, the water-
vapor flowing in the channel is considered to
be transparent to thermal radiation. By following
the procedure presented by Sparrow and Cess
[16], Massey [17] showed that ¢, can be
expressed by:

; & T*(x,1) H* dx, (1 —g)oTS
guxo) = 1= 8‘0{(1 —g)oTg — (1 - 80)6[2[(361 X + HZJ% - 2
(L + xo) (1 = &)oT3 (L — xo)

x [1 L+ xo) + HZJ*] -

2 [1 T = xR + HZ]*]}' @1

By substituting equations (19)-21) into (17) and integrating over the porous surface, from

Xo = —L to x, = L, we obtain:

TH(x, 1) dx; dx,

_(L—s)oTs[2L
2 H

ML -T)( 6
H

L L
&0 2L (1 —gy)oH
oo (R)- 2 [ g

+1 —~ JIAL/HY? + 1]] - >

The mean temperature of the heater surface,
T, is a practical quantity to measure and to use
in subsequent calculations.

The rate of heat transfer per unit area con-
ducted away from the porous surface toward
the frozen-region is given by

da = poVo AH + povec(Ty ~ Ty)  (20)
where p, and ¢, are properties of the water
vapor measured at T,,.

To calculate the radiation heat transfer to
the porous wall, the heater surface and the
regions surrounding the exits of the channel are
assumed to be black bodies and the porous

x, — xo)* + H*]?

—LM[% +1 — J[AL/HY + 1]}}

L L L
3+ RPr) (E) = 2poto AH (g) + 2p0v0cy(Ty — To) (‘g) 22)

Equation (22) relates the porous surface tem-
perature, T, to the mean heater temperature,
T, Provision is made for the temperatures at
the two exits, 7, and T; to be unequal This
equation is useful for applications where either
the surface temperature or the heater tempera-
ture is specified. Thus if the heater temperature
is specified the transient surface product tem-
perature can be determined. Alternatively, if the
product temperature is specified, equation (22)
can be used to determine how the heater tem-
perature should vary.

Before equation (22) can be solved, T(x, 1)
from equation (15) must be substituted into
(22) and the integrations must be performed.
The term involving the double integral in
equation (22), I, becomes:
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1 -
1= S Lars JLamy + 1] - 218 4 473 (g - T,
+6T3 (T — ToP I, + 4Ty (Toy — TP I + (Tyy — T I} (23)
where I(n = 1, 2, 3, 4) is defined by
1
I _ 2 £ 2 —X(‘l - Ny} N X(ll—ny)
" H\H [(L/H)z (X, — D+ 1]‘} {:(L/H)2 (X, +1)* + 1]*
0
2X§1 - 2ny) 2X(11 — 2ny}
+HUM%L-D”HP+HUMWL+U“HF%M” @4

During freeze-drying, the flow rate decreases
as the thickness of the dried porous region
increases. For a particular value of R, equation
(22) is applicable for a short period of time.
Since R is slowly changing, it must be considered
as an average injection Reynolds number during
any given time period. In this work, T, or 7,
and R are assumed to be known. In order to
relate a set of flow conditions in the channel to
a particular stage of the drying cycle, it is
necessary to know the depth of the dried layer
or the interface position, X, The interface
position is defined as the boundary between the
dried and frozen regions of the sample. The
interface position and the time required to dry
to a specified thickness have been determined by
Dyer et al. [14]. Thus

_ k(Ty — T)
7 NJAH + ¢(T, — T))]

where k, is the dried layer thermal conductivity
and N,, is the vapor flow rate. The drying time is

P féX Fi
J &G-T) |
AH + c (T, — T)
where p, is the density of the frozen region and
4 is the porosity of the dried layer.

X

(25)

T =

(26)

APPLICATIONS TO FREEZE-DRYING
Constant heater temperature
In this section the mean heater surface

temperature, T, is treated as known and fixed
with respect to time and equation (22) is solved
for the product surface temperature, T;,. A range
for R is selected which covers the flow rates
encountered in the typical drying cycle. The
results are compared with the results of Lusk
et al. [18] who experimentally measured the
thermal conductivities of haddock fish during
freeze-drying. Included in their work are plots
of moisture content, the product surface tem-
perature, and the interface temperature as a
function of time for constant 7. These experi-
ments were carefully controlled and provide
an excellent comparison for the analytical
solution. Tests were made on slabs 8 by 10 in.
in cross section and 2 in. and 1 in. thick. To
apply our equations to their data, L =5 in,
H = 0625 in. and 05 in, T; =440°R, T, =
635°R and k = 0-013 Btu/hft°F. They determined
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Fig. 3. Comparison of predicted and measured surface
temperature of haddock during freeze-drying.
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the value of thermal conductivity based on the
latent heat of sublimation of pure ice (1220 Btu/Ib)
and a chamber pressure of 0-08 torr. The value
of emissivity for haddock has not been measured,
so we used a value for freeze-dried beef (0-75)
from [19]. Values of the Reynolds number were
generally less than 1.

The position of the interface was calculated
from the data presented by Lusk et al. [18] for
the moisture content and is presented in Fig, 3
along with the results of the current analysis.
The experimental and analytical results show
good agreement, especially for the one-inch
thick sample,

Figure 4 shows how the product surface
temperature is influenced by various ratios of
L/H. This ratio is important in designing com-
merical freeze-dryers. The surface temperature
increases slightly with increasing values of L
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F1c. 5. Influence of channel length to width ratio on per-
centage of heat transfer to the product by radiation.
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due to the decrease in radiation losses at the
channel exits. The surface temperature increases
with decreasing values of H due to convective
effects. At a given interface position, a higher
value of T, would result in a higher drying rate.

Figure 5 shows the percentage of the energy
that is transferred to the product by thermal
radiation. Thus 60-95 per cent of the heat
transferred to the product surface is thermal
radiation. The remainder is convection. The
ratio -of radiation to convection heat transfer
depends on the L/H ratio and is nearly constant
throughout a typical drying cycle.

Constant product surface temperature

In this section the product surface temperature
is constant with respect to time and position. By
selecting values of R, equation (22) is used to
calculate a heater temperature T, required to
maintain the product surface at the prescribed
temperature and flow rate. Equation {25} may be
used to relate external flow conditions to the
corresponding interface position. However, it
is possible to go a step further in this section
and use equation {26) to calculate the time to
dry to a particular interface position. No experi-
mental data is available for comparison with
the analytical results for this case.

The product surface temperature, T,, unless
otherwise specified is 560°R and the total
chamber pressure is one torr. The interface
temperature, T}, at one torr is 466°R. The channel
exit temperature, T,, unless otherwise specified
is 530°R. The properties of freeze-dried beef are
used in the following calculations. The thermal
conductivity measured by Massey et al. [20]
is 00503 Btu/hft°F at one torr. This is the
calculated value using a heat of sublimation for
freeze-dried beef given by Dyer et al [21] of
1488 Btu/lb,. The porosity of freeze~dried
beef, 9, is 0-70.

Figures 6 and 7 are plots of the mean heater
temperature vs. time. Figure 6 illustrates the
effect on T, of varying the channel width H fora
long channel Figure 7 is a similar plot only
for a short channel. The lower heater tempera-
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Fi1G. 6. Influence of channel width and exit temperature on
mean heater temperature for a long channel.

ture required for the small widths is due to the
increased convective heat flux across the channel
and the reduced radiant heat losses for the
channel exits.

Figure 7 also shows the effect of changing
length L when the channel width H is held
constant. The curve for L/H = 60 has the same
channel width as the one where L/H = 12. The
effect is small when compared with the effect
a change in H has on T, For the practical
limits of the length to width ratio encountered
in practice, there is little effect as a result of
varying L. This illustrates that radiant heat
losses from the channel exits are very small even
for relatively short channels.

Figures 6 and 7 also illustrate the influence
that a change in the exit temperature has on 7,
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== /=6in
~-—{=30in.

°R

T

Mean heater ternperature,

FiG. 7. Influence of channel width, length and exit tempera-
ture on mean heater temperature.
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for different channel geometries. The tempera-
ture was lowered to absolute zero since this
would be the minimum theoretical temperature
of the surroundings. On Fig 6 the effect of a
lowered 7, is shown with the dashed line for the
channel where L/H = 9. For the long narrow
channels, there is no discernable effect on T,
For the shorter channels of Fig. 7, the effect of a
lowered T, is shown for two L/H ratios with the
dashed lines. As the geometry changes to a
short wide channel, the effect becomes quite
pronounced.

CONCLUSIONS

Based on the comparison with existing solu-
tions, the polynomial solution for the velocity
distribution in a semi-porous channel is accu-
rate for R < 3. The accuracy of the polynomial
solution for the temperature profile is estab-
lished by comparison with published experi-
mental results for a limited range of RPr < 1.
The application of the semi-porous channel
model to the heat transfer and fluid flow in the
region between the heater platen and the food
product in freeze-drying correlates well with
the actual physical process since R is usually
not greater than one.

In freeze-drying, it is shown that radiation
heat transfer is the dominant mode of heat
transfer to the product surface where an open
region separates the heater and the product.
Depending on the channel width, the relative
amount of radiation heat transfer may range
from 60 to 95 per cent of the total heat transfer
to the product surface.
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TRANSFERT THERMIQUE ET MASSIQUE DANS DES CANAUX SEMI-POREUX AVEC
APPLICATION A LA LYOPHILISATION

Résumé—On méne une recherche analytique sur Ie transfert de chaleur ¢t de quantité de mouvement d'un
mélange binaire de gaz s’écoulant dans un canal a section rectangulaire avec injection massique par une
paroi. Les parois sont a des températures différentes. On présente des applications a la lyophilisation.
Les équations de continuité, de quantité de mouvement et d’énergie sont utilisées pour établir les distri-
butions de vitesse, de pression et de température. On suppose ’écoulement permanent laminaire et le
fluide incompressible, Des solutions sous forme analytique sont obtenues pour lés distributions de vitesse

et de température.

Des applications de la solution 4 la lyophilisation montrent que sous des conditions typigues 5 & 40 pour
cent du transfert de 'énergie 4 la surface active est df 4 la convection. Un rayonnement thermique contribue
au mécanisme pour le reste du transfer thermique.

WARME- UND STOFFUBERTRAGUNG IN HALB-POROSEN KANALEN MIT
ANWENDUNG AUF DIE GEFRIERTROCKNUNG

Zusammenfassung-—Mit einer bindren Gasmischung wurde der Wirme- und Stoffaustausch analytisch
untersucht, fiir Strémung in einem Kanal aus parallelen Platten, mit Stoffzufubr von einer Wand. Die
Wiinde haben verschiedene Temperaturen, und die Anwendung auf die Gefriertrocknung wird angegeben.
Die integralen Kontinuitiits-, Impuls- und Energie-Gleichungen werden benutzt, um die Geschwindig-
keits-, Druck- und Temperaturverteilungen zu erhalten. Die Strdmung wird als stetig, laminar und
inkompressibel angenommen. Fiir die Geschwindigkeits- und Temperaturverteilung wurde eine

geschlossene Form der Losungen erhalten.

Die Anwendung der Ldsung auf die Gefriertrocknung zeigt, dass unter besonderen Bedingungen $ bis
40 Prozent der Energieiibertragung durch Konvektion an der Oberfliche des Produkts erfoigt. Wirme-
strahlung ist fiir den Rest der Wirmeiibertragung verantwortlich.
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TEIIJO-U MACCONIEPEHOC B ITOJIYIIOPUCTBIX HAHAJIAX C
IIPUMEHEHUEM CYBJMMALOUOHHON CVIIKHK (BAMOPAMWBAHUEM)

ANRoTAIMA—BHIOIHEHO AHANUTHYECKO® HCCHAENOBAHHe MEPEeHOCA TeINIA M KOJMYECTBa
ABMKEHMA DU TedeHH: CWHApHOM CMECH rAasOB B KaHANe MEMIY NapajfeNbHHMM IIACTH-
HaMu, THe Ha ORHON CTeHKe NPUCXORAMT BRYB Macch. Temneparypa CTeHOK pasiauyHa u
npuMmenseTcH cySaumanmonras cymka. MenonbsyoTea HETErpaibHEHe ypaBHeHHA Hepasp-
BBHOCTH, KONHEcTBA NBIREHUS M SHEPTHH A ONpefeleHUA pacupefeleHnit CxopocTn,
AaBueHus m Temneparyps. Ilpexmomaraercd, 4TO TedeHHe CTANUOHADHOS, JAMHHADHOE K
HecrxmMaeMoe. ITOJIyd4eHH DelleHUH B 3aMKHYTOM BHJe AJA pacipeieleHnMit CKOPOCTH H
TeMIepaTypH.

[lpumenenne peuleHMs K CIy9ale CyGIMMAUMOHHON CYWIKH NOKASHBAET, YTO IpH
TunHyHEX yeaoBuax or 5 go 409 sHeprum NepefialoTcA K IOBEPXHOCTH HPOXYKTA KOH-

Bexnueit. OcTaabHOe KONMYECTBO TENJIA HepefaTCA MBIYyYCHHEM.



